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Abstract

We consider the stability under adaptive learning of the complete
set of solutions to the basic linear forward looking model in which
the current value of the state variable depends linearly on the
(subjectively) expected value of the state next period and the
coefficient of the expected state is bigger than one in absolute
value. In addition to the fundamentals solution, the literature
describes both finite-state Markov sunspot solutions, satisfying a
resonant frequency condition, and autoregressive solutions
depending on an arbitrary martingale difference sequence. We
clarify the relationships between these solutions and show that the
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H{shfwdwlrqdo Vwdelolw| ri Uhvrqdqw
Iuhtxhqf| Vxqvsrw Htxloleuld�

Jhrujh Z1 Hydqv
Xqlyhuvlw| ri Ruhjrq

Vhssr Krqndsrkmd
Xqlyhuvlw| ri Khovlqnl

Dsulo </ 5334

Devwudfw

Zh frqvlghu wkh vwdelolw| xqghu dgdswlyh ohduqlqj ri wkh frpsohwh
vhw ri vroxwlrqv wr wkh prgho {| @ �HW

| {|n� zkhq m�m A 41 Lq dgglwlrq
wr wkh ixqgdphqwdov vroxwlrq/ wkh olwhudwxuh ghvfulehv erwk �qlwh0vwdwh
Pdunry vxqvsrw vroxwlrqv/ vdwlvi|lqj d uhvrqdqw iuhtxhqf| frqglwlrq/
dqg dxwruhjuhvvlyh vroxwlrqv ghshqglqj rq dq duelwudu| pduwlqjdoh gli0
ihuhqfh vhtxhqfh1 Zh foduli| wkh uhodwlrqvklsv ehwzhhq wkhvh vroxwlrqv
dqg vkrz wkdw wkh vwdelolw| surshuwlhv ri htxloleuld pd| ghshqg fux0
fldoo| rq wkh uhsuhvhqwdwlrq xvhg e| djhqwv lq wkh ohduqlqj surfhvv1
Rqo| wkh �qlwh0vwdwh Pdunry vxqvsrw vroxwlrqv fdq eh vwdeoh xqghu
ohduqlqj1

MHO fodvvl�fdwlrqv= F95/ G;6/ G;7/ H64/ H65

Nh| zrugv= Lqghwhuplqdf|/ uhsuhvhqwdwlrqv ri vroxwlrqv/ ohduqdelo0
lw|/ h{shfwdwlrqdo vwdelolw|/ hqgrjhqrxv  xfwxdwlrqv

4 Lqwurgxfwlrq
Zh frqvlghu d xqlyduldwh olqhdu prgho ri wkh irup

%| ' q.W

| %|n�c +4,

�Ilqdqfldo vxssruw iurp wkh XV Qdwlrqdo Vflhqfh Irxqgdwlrq/ Dfdghp| ri Ilqodqg/
\umù Mdkqvvrq Irxqgdwlrq dqg Qrnld Jurxs lv judwhixoo| dfnqrzohgjhg1
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erwk xqghu udwlrqdo h{shfwdwlrqv dqg xqghu wkh dvvxpswlrq wkdw hfrqrplf
djhqwv iroorz fhuwdlq qdwxudo dgdswlyh ohduqlqj uxohv1 Khuh .W

| %|n� ghqrwhv
wkh h{shfwdwlrqv khog e| djhqwv/ dvvxphg krprjhqhrxv1 Xqghu udwlrqdo h{0
shfwdwlrqv

%| ' q.|%|n�c +5,

zkhuh .|%|n� ghqrwhv wkh wuxh frqglwlrqdo h{shfwdwlrq jlyhq wkh lqirupdwlrq
vhw dw wlph |1 Zh duh lqwhuhvwhg lq zkhwkhu udwlrqdo h{shfwdwlrqv vroxwlrqv gh0
shqglqj rq h{wudqhrxv h{rjhqrxv udqgrp yduldeohv +vxqvsrwv, fdq eh vwdeoh
xqghu dgdswlyh ohduqlqj1

Wkh prgho +4, grhv qrw lqfoxgh lqwulqvlf udqgrp vkrfnv/ dqg kdv ehhq
fhqwhuhg/ vr wkdw wkhuh lv d vwhdg| vwdwh dw wkh ruljlq1 Erwk ri wkhvh dvvxps0
wlrqv duh pdgh iru vlpsolflw| dqg frxog eh uhod{hg1 Wkurxjkrxw wkh sdshu
zh zloo dvvxph wkdw q 9' f dqg q 9' �1

Wkh vwhdg| vwdwh %| ' f lv d udwlrqdo h{shfwdwlrqv +UH, vroxwlrq +dqg
lqghhg vdwlv�hv shuihfw iruhvljkw,1 Wklv vroxwlrq lv riwhq fdoohg wkh �ixqgd0
phqwdov� vroxwlrq1 Dv lv zhoo nqrzq/ wkhuh duh rwkhu udwlrqdo h{shfwdwlrqv
vroxwlrqv wr +4,/ wdnlqj wkh irup

%| ' q3�%|3� n 0|c +6,

zkhuh 0| lv dq duelwudu| pduwlqjdoh gl�huhqfh vhtxhqfh/ l1h1 d vwrfkdvwlf
surfhvv vdwlvi|lqj .|0|n� ' f1 Lw lv hdvlo| yhul�hg wkdw d surfhvv ri wkh irup
+6, lv lqghhg d UH vroxwlrq wr +4,1 Frqyhuvho|/ dq| UH vroxwlrq wr +4, fdq
eh zulwwhq lq wkh irup +6,/ dv fdq eh vhhq e| gh�qlqj 0|n� ' %|n� � .|%|n�1
Zh zloo uhihu wr +6, dv wkh �-E�� uhsuhvhqwdwlrq ri wkh vroxwlrq/ dv zh qrz
h{sodlq1

Zkhq mqm 	 � wkh vroxwlrq %| � f lv wkh xqltxh qrqh{sorvlyh vroxwlrq/ vhh
+Jrxulhurx{/ Od�rqw/ dqg Prqiruw 4<;5,1 Wkh rwkhu udwlrqdo h{shfwdwlrqv
vroxwlrqv ri wkh irup +6, kdyh frqglwlrqdo h{shfwdwlrqv wkdw/ lq devroxwh ydoxh/
whqg wr lq�qlw|1 Lq wkh �luuhjxodu� fdvh mqm : � wkhuh duh pxowlsoh vwdwlrqdu|
vroxwlrqv1 Lq sduwlfxodu/ li 0| lv dq ��_ surfhvv zlwk phdq f dqg frqvwdqw
yduldqfh +l1h1 �zklwh qrlvh�,/ wkhq +6, lv d vwdwlrqdu| �uvw0rughu dxwruhjuhvvlyh
+ru �-E��, surfhvv14 Zkhq 0| wdnhv d gl�huhqw irup wkh surfhvv qhhg qrw eh

4Li wkh v|vwhp ehjlqv dw w @ 3 wkhq wkh vroxwlrq +6, dovr uhtxluhv dq lqlwldo frqglwlrq1
Iru dq dssursuldwh lqlwldo frqglwlrq wkh surfhvv lv vwrfkdvwlfdoo| vwdwlrqdu|1 Iru rwkhu
lqlwldo frqglwlrqv wkhuh lv d wudqvlhqw qrqvwdwlrqdulw|/ exw wkh surfhvv lv dv|pswrwlfdoo|
vwdwlrqdu|1
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vwdwlrqdu|/ exw iru frqyhqlhqfh zh zloo frqwlqxh wr uhihu wr +6, dv wkh �-E��
uhsuhvhqwdwlrq ri wkh vroxwlrq1

Frqvlghudeoh dwwhqwlrq lv jlyhq lq wkh olwhudwxuh wr �qlwh0vwdwh Pdunry
vroxwlrqv/ l1h1 vroxwlrqv wdnlqj wkh irup

%| ' 7%� zkhq r| ' �/ iru � ' �c � � � c gc +7,

zkhuh r| 5 i�c � � � cgj iroorzv d �qlwh0vwdwh Pdunry surfhvv zlwk �{hg wudqvl0
wlrq suredelolwlhv Z�� ' � Er|n� ' � m r| ' ��1 Djdlq/ wkh h{rjhqrxv vwdwlrqdu|
surfhvv r| lv xvxdoo| fdoohg d �vxqvsrw� surfhvv dqg wkh vroxwlrqv duh fdoohg
�qlwh0vwdwh Pdunry vwdwlrqdu| vxqvsrw htxloleuld +VVHv,1

Pxfk ri wklv olwhudwxuh frqvlghuv vxfk vroxwlrqv pruh jhqhudoo| lq wkh frq0
wh{w ri srvvleo| qrqolqhdu prghov/ l1h1 lq prghov ri wkh irup %| ' .W

| 8 E%|n��1
Iru h{dpsoh/ wkh h{lvwhqfh txhvwlrq lv glvfxvvhg dw ohqjwk lq +Jxhvqhulh dqg
Zrrgirug 4<<5, dqg +Fkldssrul/ Jhr�dug/ dqg Jxhvqhulh 4<<5,1 Krzhyhu/
lw fdq hdvlo| eh hvwdeolvkhg wkdw wklv w|sh ri VVH h{lvwv lq wkh olqhdu prgho
zkhq mqm : �1 Fohduo|/ vxfk vroxwlrqv pxvw kdyh dq htxlydohqw uhsuhvhqwdwlrq
lq wkh �-E�� irup +6,1

Wkh ohduqlqj txhvwlrq kdv dovr ehhq frqvlghuhg iru erwk irupv ri vrox0
wlrq +6, dqg +7,1 Lq sduwlfxodu/ iru vroxwlrqv lq wkh �-E�� irup/ vwdelolw|
xqghu dgdswlyh ohduqlqj zdv frqvlghuhg lq +Hydqv 4<;<, dqg glvfxvvhg ixu0
wkhu lq Vhfwlrq <1: ri Fkdswhu < ri +Hydqv dqg Krqndsrkmd 5334e,1 Vwdelolw|
xqghu dgdswlyh ohduqlqj ri Pdunry VVHv lv glvfxvvhg lq +Zrrgirug 4<<3,/
+Hydqv 4<;<,/ +Hydqv dqg Krqndsrkmd 4<<7, dqg Fkdswhu 45 ri +Hydqv dqg
Krqndsrkmd 5334e,15

Wkhuh duh vrph lpsruwdqw jdsv lq wklv olwhudwxuh/ hyhq lq wkh olqhdu fdvh1
Wkh uhodwlrqvkls ehwzhhq wkhvh wzr w|shv ri VVHv kdv qrw ehhq h{solflwo|
dgguhvvhg/ dqg h{lvwlqj dgdswlyh ohduqlqj uhvxowv duh lqfrpsohwh1 Lqghhg/ wkh
dgdswlyh ohduqlqj uhvxowv iru wkh wzr vhw0xsv dsshdu wr eh dw yduldqfh/ dv zh
vkrz ehorz1 Lq wklv sdshu zh foduli| wkh uhodwlrqvkls ehwzhhq wkh gl�huhqw
vroxwlrqv dqg wkhq h{whqg dqg uhfrqfloh wkh ohduqlqj uhvxowv e| qhvwlqj wkh
wzr vhw0xsv lq d frpprq iudphzrun1

5Iru d vwxg| ri wkh hgxfwlyh vwdelolw| ri 50vwdwh Pdunry VVHv vhh +Ghvjudqjhv dqg
Qhjurql 5333,1
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5 Uhvrqdqw Iuhtxhqf| Vxqvsrwv
Zh qrz frqvlghu �qlwh0vwdwh Pdunry VVHv1 Iru frqyhqlhqfh zh irfxv rq wkh
50vwdwh fdvh/ zklfk kdv d surplqhqw uroh lq wkh olwhudwxuh1 Dvvxplqj vroxwlrqv
wr +5, ri wkh irup +7, lpsolhv

7%� ' qEZ��7%� n Z�27%2�c

7%2 ' qEZ2�7%� n Z227%2�c

ru

�7% ' q3�7%c +8,

zkhuh � lv wkh pdwul{ zlwk hohphqwv Z�� dqg 7%� ' E7%�c 7%2�� Lq rughu iru wkh
vroxwlrq wr frqvwlwxwh dq VVH zh pxvw/ ri frxuvh/ kdyh 7%� 9' 7%21 Lw iroorzv
wkdw q3� pxvw eh dq hljhqydoxh ri � zlwk hljhqyhfwru 7%1 Vlqfh wkh hljhqydoxhv
ri � duh � dqg Z�� n Z22 � � zh rewdlq

Z�� n Z22 � � ' q3� +9,

E�� Z22�7%� n E�� Z���7%2 ' f� +:,

Lw lv vhhq iurp +8, ru +:, wkdw wkhuh h{lvwv d rqh0glphqvlrqdo frqwlqxxp ri
E7%�c 7%2� iru wudqvlwlrq suredelolwlhv vdwlvi|lqj +9,16

Zh zloo uhihu wr wkh vxqvsrw yduldeohv wkdw vdwlvi| +9, dv �uhvrqdqw iuh0
txhqf|� vxqvsrwv/ vlqfh rqo| vxqvsrwv suhflvho| vdwlvi|lqj wkh wudqvlwlrq sure0
delolw| uhvwulfwlrq +9, duh fdsdeoh ri jhqhudwlqj �qlwh0vwdwh vxqvsrw  xfwxd0
wlrqv durxqg wkh vwhdg|0vwdwh1

Iurp Vhfwlrq 4 zh nqrz wkdw lw lv dovr srvvleoh wr uhsuhvhqw vxfk uhvrqdqw
iuhtxhqf| vwdwlrqdu| vxqvsrw htxloleuld +UIVVH, lq wkh irup +6,1 Uhtxlulqj
wkdw wkh UIVVH E7%�c 7%2� lv ri wkh irup +6,/ lq zklfk 0| lv d olqhdu ixqfwlrq ri
r| dqg r|3� dqg lq zklfk wkh wudqvlwlrq suredelolwlhv iru r| vdwlvi| +9,/ lpsolhv
wkdw wkh fruuhvsrqglqj pduwlqjdoh gl�huhqfh vhtxhqfh 0| fdq eh zulwwhq dv

0| ' 7@n 7sr| n 7}r|3�/ zkhuh +;,

7s ' 7%2 � 7%�c 7} ' E�� Z�� � Z22�E7%2 � 7%�� dqg +<,

7@ ' �E�� 2Z�� � Z22�E7%2 � 7%���

6Fruuhvsrqglqj uhvxowv iru wkh N0vwdwh VVHv duh jlyhq lq +Fkldssrul/ Jhr�dug/ dqg
Jxhvqhulh 4<<5,1
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Lw fdq eh yhul�hg wkdw .|0|n� ' f1 Qrwh/ krzhyhu/ wkdw 0| lv qrw dq ��_
surfhvv1 Qrwh dovr wkdw wkh qrq0xqltxhqhvv ri E7%�c 7%2� fruuhvsrqgv wr d ghjuhh
ri iuhhgrp lq wkh sdudphwhuv 7@/ 7s dqg 7}1

Wkh UIVVH lv rewdlqhg iurp wkh jhqhudo uhsuhvhqwdwlrq +6, zlwk wklv
fkrlfh ri 0|/ surylghg wkh lqlwldo frqglwlrq lv 7%� ru 7%21 Iru rwkhu fkrlfhv ri
lqlwldo frqglwlrq/ wkh surfhvv +6,/ zlwk 0| jlyhq e| +;,0+<,/ lv dq dv|pswrwlfdoo|
vwdwlrqdu| vroxwlrq/ whqglqj lq wkh olplw wr wkh UIVVH1

6 H0vwdelolw| dqg Dgdswlyh Ohduqlqj

614 H0Vwdelolw| ri �-E�� Vxqvsrw Htxloleuld

Zh qrz wdnh xs wkh txhvwlrq ri wkh orfdo vwdelolw| xqghu ohduqlqj ri VVHv1
Frqvlghu �uvw wkh jhqhudo uhsuhvhqwdwlrq iru VVHv +6,1 Vxssrvh djhqwv eholhyh
wkdw %| iroorzv dq �-E�� surfhvv/ exw duh qrw fhuwdlq ri wkh frh!flhqwv/
zklfk wkh| hvwlpdwh dqg uhylvh ryhu wlph1 Pruh sduwlfxoduo|/ vxssrvh �| lv
dq revhuydeoh surfhvv wkdw vdwlv�hv .|�|n� ' f1 Vxssrvh wkdw djhqwv eholhyh
wkdw %| iroorzv wkh surfhvv

%| ' @n K%|3� n S�| n #|c

zkhuh K dqg S duh xqnqrzq �{hg sdudphwhuv dqg #| uhsuhvhqwv dq xqrevhuyhg
zklwh qrlvh glvwxuedqfh wkdw djhqwv pljkw eholhyh wr eh suhvhqw1 Lq dq VVH
@ ' f/ K ' q3�/ #| � f dqg S lv duelwudu| +lq wkh hduolhu qrwdwlrq 0| ' S�|,1
Wkh ixqgdphqwdov vroxwlrq lv jlyhq e| @ ' K ' S ' f dqg #| � f1

Wkh vwdqgdug zd| wr irupxodwh dgdswlyh ohduqlqj lq wklv frqwh{w lv �ohdvw
vtxduhv ohduqlqj/� lq zklfk djhqwv dw wlph | hvwlpdwh @/ K dqg S e| d ohdvw0
vtxduhv uhjuhvvlrq ri %� rq %�3�c �� dqg dq lqwhufhsw/ xvlqj gdwd � ' �c � � � c |�
�1 Qrwh wkdw hvwlpdwhv duh xsgdwhg hdfk shulrg1 Dvvxplqj wkdw wkh wlph |
lqirupdwlrq vhw lv U| ' i�|c �|3�c � � � c %|3�c %|32c � � � jc wkh iruhfdvwv .W

| %|n� duh
rewdlqhg e| wdnlqj wkh frqglwlrqdo h{shfwdwlrq ri %|n� ' @ n KE@ n K%|3� n
S�| n #|� n S�|n� n #|n�1 Wklv |lhogv

.W

| %|n� ' @E� n K� n K2%|3� n KS�|c +43,

zkhuh @c K dqg S duh uhsodfhg e| wkhlu fxuuhqw ohdvw0vtxduhv hvwlpdwhv @|c K|
dqg S|1

Vwdelolw| ri d udwlrqdo h{shfwdwlrqv htxloleulxp xqghu ohdvw0vtxduhv ohduq0
lqj lv gh�qhg lq whupv ri wkh g|qdplf v|vwhp jlyhq e| wkh h{rjhqrxv vxqvsrw
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surfhvv �| dqg e| +4,/ zkhuh .W

| %|n� ' @|E�nK|�nK2|%|3�nK|S|�| dqg E@|c K|c S|�
duh xsgdwhg e| ohdvw vtxduhv1 Li E@|c K|c S|� $ Efc fc f� wkhq wkh ixqgdphqwdov
vroxwlrq lv vdlg wr eh vwdeoh/ zkloh li E@|c K|c S|� $ Efc q3�c S� iru vrph S wkhq
wkh fodvv ri VVHv lv vdlg wr eh vwdeoh1 Khuh orfdo vwdelolw| lv wkh uhohydqw frq0
fhsw dqg zh rplw suhflvh gh�qlwlrqv ri wkh dssursuldwh qrwlrqv ri vwrfkdvwlf
frqyhujhqfh1 Iru ghwdlov vhh +Hydqv dqg Krqndsrkmd 5334e,1

Iru d zlgh udqjh ri hfrqrplf prghov lw kdv ehhq vkrzq wkdw vwdelolw| xq0
ghu ohdvw0vtxduhv ohduqlqj lv jryhuqhg e| h{shfwdwlrqdo vwdelolw| +H0vwdelolw|,/
dqg lq wklv sdshu zh wkhuhiruh irfxv rq ghwhuplqlqj wkh frqglwlrqv iru wkh ydu0
lrxv vroxwlrqv wr eh H0vwdeoh1 H0vwdelolw| lv gh�qhg lq whupv ri wkh pdsslqj
iurp wkh Shufhlyhg Odz ri Prwlrq +SOP,/ sdudphwhul}hg khuh e| E@c Kc S�/
wr wkh lpsolhg sdudphwhuv A E@c Kc S� ri wkh Dfwxdo Odz ri Prwlrq +DOP,1
Wkh DOP sdudphwhuv/ fruuhvsrqglqj wr d jlyhq SOP/ duh khuh rewdlqhg e|
lqvhuwlqj wkh fruuhvsrqglqj h{shfwdwlrq uxoh +43, lqwr wkh prgho +4,/ |lhoglqj

A E@c Kc S� ' Eq@E� n K�c qK2c qKS��

Qrwh wkdw wkh �{hg srlqwv ri wkh A pds fruuhvsrqg wr wkh ixqgdphqwdov
vroxwlrq Efc fc f� dqg wr wkh frqwlqxd ri VVHv Efc q3�c S�1

H0vwdelolw| ri dq UHH +ru d vhw ri UHH, lv ghwhuplqhg e| orfdo vwdelolw|
ri wkh UHH +ru d vhw ri UHH, xqghu wkh ruglqdu| gl�huhqwldo htxdwlrq

_

_�
E@c Kc S� ' A E@c Kc S�� E@c Kc S�c

zkhuh � ghqrwhv qrwlrqdo ru yluwxdo wlph1 Vlqfh wkh Mdfreldq ri wkh uljkw0kdqg
vlgh/ hydoxdwhg dw Efc fc f� kdv rqh hljhqydoxh ri q � � dqg wzr hljhqydoxhv
ri ��/ lw iroorzv wkdw wkh ixqgdphqwdov vroxwlrq lv H0vwdeoh surylghg q 	 �1
Rq wkh rwkhu kdqg wkh vhw ri VVHv duh qrw H0vwdeoh1 Wklv fdq eh vhhq iurp
wkh gl�huhqwldo htxdwlrq iru K/ zklfk lv jlyhq e| _K*_� ' qK2 � K dqg zklfk
lv dozd|v orfdoo| xqvwdeoh dw K ' q3�1 Li q : �/ qrqh ri wkh vroxwlrqv duh
H0vwdeoh1 Zh vxppdul}h wkhvh revhuydwlrqv lq wkh iroorzlqj=

Sursrvlwlrq 4 Wkh vhw ri VVHv ri wkh irup +6, lv qrw H0vwdeoh1 Wkh ixqgd0
phqwdo vroxwlrq lv H0vwdeoh li q 	 � dqg lv qrw H0vwdeoh li q : �17

Wklv zd| ri orrnlqj dw wkh ixoo vhw ri udwlrqdo h{shfwdwlrqv vroxwlrqv wr
+4, wkxv fohduo| idyruv wkh ixqgdphqwdov vroxwlrq1 Surylghg q 	 �/ wkh ixq0
gdphqwdov vroxwlrq lv H0vwdeoh/ dqg khqfh orfdoo| vwdeoh xqghu ohdvw0vtxduhv

7Wkhvh uhvxowv zhuh �uvw rewdlqhg lq +Hydqv 4<;<,1
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ohduqlqj/ zkloh wkh vhw ri �-E�� VVHv lv qhyhu H0vwdeoh dqg khqfh lv orfdoo|
xqvwdeoh xqghu ohdvw0vtxduhv ohduqlqj1

615 H0vwdelolw| ri Uhvrqdqw Iuhtxhqf| Vxqvsrw Vrox0
wlrqv

Zh wxuq qrz wr wkh vwdelolw| ri UIVVHv/ l1h1 wr wkh 50vwdwh Pdunry vxqvsrw
htxloleuld jlyhq e| +9,0+:,1 Wkh h{rjhqrxv vxqvsrw yduldeoh r| lv dvvxphg wr
eh revhuydeoh dw |/ zlwk nqrzq wudqvlwlrq suredelolwlhv Z��c Z221 Zh dvvxph
wkdw djhqwv gr qrw nqrz wkh ydoxhv 7%�c 7%2/ wdnhq lq wkh UIVVH/ dqg wkdw
wkh| wkhuhiruh hvwlpdwh wkhlu ydoxhv1 D vlpsoh dqg qdwxudo dgdswlyh ohduqlqj
uxoh lv vwdwh frqwlqjhqw dyhudjlqj/ l1h1 7%�c � ' �c 2/ lv hvwlpdwhg wr eh wkh
dyhudjh ri wkh ydoxhv iru %| rewdlqhg zkhq r| ' �18

+Hydqv dqg Krqndsrkmd 4<<7, dqg Fkdswhu 45 ri +Hydqv dqg Krqndsrkmd
5334e, vkrzv krz H0vwdelolw| jryhuqv orfdo frqyhujhqfh ri dgdswlyh ohduqlqj
wr �qlwh0vwdwh VVHv1 Iroorzlqj wkh H0vwdelolw| sulqflsoh zh orrn dw wkh pds0
slqj iurp wkh SOP wr wkh DOP1 Wkh SOP lv qrz

%| ' %� n #| li r| ' �/ iru � ' �c 2c

zkhuh lq dq UIVVH %� ' 7%� dqg #| � f1 Lq vwdwh r| ' � wkh h{shfwdwlrq
fruuhvsrqglqj wr wklv SOP lv .W

| %|n� ' Z��%�nE��Z���%2 dqg lq vwdwh r| ' 2
zh kdyh .W

| %|n� ' E�� Z22�%� n Z22%21 Lqvhuwlqj wkhvh lqwr +4, |lhogv

%| ' qZ��%� n qE�� Z���%2 li r| ' �/ dqg

%| ' qE�� Z22�%� n qZ22%2 li r| ' 21

Wkh fruuhvsrqglqj pds iurp SOP % ' E%�c %2�
� wr DOP A E%� lv jlyhq e|

A E%� ' q�% ru A E%� ' EZ�� n Z22 � ��3��%c

zkhuh zh kdyh xvhg wkh frqglwlrq +9,1 Wkh H0vwdelolw| frqglwlrq lv jlyhq e|
orfdo vwdelolw| ri wkh vhw ri htxloleuld ri _%*_� ' A E%�� %� Wkh �{hg srlqwv
ri A / l1h1 wkh htxloleuld ri wkh gl�huhqwldo htxdwlrq/ duh jlyhq e| +:,1 Wklv vhw
irupv d 40glphqvlrqdo frqwlqxxp1 Wkh hljhqydoxhv ri EZ��n Z22� ��3��� U
duh jlyhq e| f dqg EZ�� n Z22 � ��3� � �1 Lw iroorzv wkdw wkh frqwlqxxp lv

8Wklv irupxodwlrq zdv vxjjhvwhg lq +Hydqv dqg Krqndsrkmd 4<<7,1 Dq dowhuqdwlyh dqg
hvvhqwldoo| htxlydohqw surghgxuh +vhh wkh iroorzlqj vhfwlrq, zrxog eh iru djhqwv wr hvwlpdwh
d ohdvw vtxduhv uhjuhvvlrq ri {w rq vw dqg dq lqwhufhsw1

:
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Iljxuh 4= H0vwdeoh frqwlqxxp zkhq Z�� n Z22 	 �

H0vwdeoh li Z�� n Z22 	 � dqg qrw H0vwdeoh li Z�� n Z22 : �1 Lq whupv ri wkh
prgho sdudphwhu q zh fdq wkxv vwdwh=

Sursrvlwlrq 5 Wkh vhw ri UIVVHv lv H0vwdeoh li q 	 �� dqg lw lv qrw H0
vwdeoh li q : �1

Wkh dffrpsdq|lqj Iljxuh looxvwudwhv H0vwdelolw| iru wkh fdvh q 	 ��1 Wkh
uhvxow wkdw dq UIVVH lv qrw H0vwdeoh zkhq q : � zdv suhylrxvo| jlyhq lq
+Hydqv dqg Krqndsrkmd 4<<7,/ exw H0vwdelolw| ri wkh vhw ri UIVVHv zkhq
q 	 �� kdv qrw ehhq suhylrxvo| qrwhg1

7 H0vwdelolw| lq d Jhqhudo Iudphzrun
Wkh suhfhglqj vhfwlrq dsshduv dw �uvw vljkw wr surylgh lqfrpsdwleoh uhvxowv
frqfhuqlqj wkh dgdswlyh vwdelolw| ri UIVVHv1 Vhfwlrq 614 vkrzv wkh odfn ri

;



vwdelolw| xqghu ohduqlqj ri doo vxqvsrw htxloleuld/ zkloh 615 vkrzv wkh vwdelolw|
xqghu ohduqlqj ri fhuwdlq uhvrqdqw iuhtxhqf| vxqvsrw htxloleuld1 Wr xqghu0
vwdqg wkh uhodwlrq ehwzhhq wkhvh uhvxowv/ zh qrz h{dplqh d fodvv ri SOPv
wkdw qhvwv wkh UIVVHv lq d zd| wkdw lqfoxghv �-E�� uhsuhvhqwdwlrqv1

Wkxv/ frqvlghu wkh fodvv ri SOPv wdnlqj wkh irup

%| ' @n K%|3� n sr| n }r|3� n #|c

zkhuh #| lv dvvxphg wr eh zklwh qrlvh1 Xqghu udwlrqdo h{shfwdwlrqv #| � f
dqg wkh frh!flhqwv @c Kc sc } vdwlvi| fhuwdlq uhvwulfwlrqv1 Zh gr qrw |hw pdnh
wkh dvvxpswlrq wkdw wkh vxqvsrw surfhvv r| vdwlv�hv wkh uhvrqdqw iuhtxhqf|
frqglwlrq +9,1 Zh dovr gr qrw |hw lpsrvh dq| frqglwlrq rq q/ rwkhu wkdq
q 9' f1

Iru wklv SOP wkh fruuhvsrqglqj .W

| %|n� lv rewdlqhg iurp

%|n� ' @n KE@ n K%|3� n sr| n }r|3� n #|� n sr|n� n }r| n #|n�

e| wdnlqj frqglwlrqdo h{shfwdwlrqv1 Wklv |lhogv

.W

| %|n� ' @E� n K� n K2%|3� n s.|r|n� n EKs n }�r| n K}r|3��

H{suhvvlqj .|r|n� dv d olqhdu ixqfwlrq ri r|/ zh kdyh

.|r|n� ' E�� 2Z�� � Z22� n EZ�� n Z22 � ��r|�

Lqvhuwlqj wkhvh lqwr +4, |lhogv wkh iroorzlqj pds iurp SOP wr DOP=

A E@c Kc sc }�

'
�
q@E� n K� n qsE�� 2Z�� � Z22�c qK

2c qsEZ�� n Z22 � � n K� n q}c qK}
�
�

Udwlrqdo h{shfwdwlrqv vroxwlrqv duh jlyhq e| wkh �{hg srlqwv ri wklv pds
+wrjhwkhu zlwk #| � f,1 Wkhuh duh wkuhh fodvvhv ri vroxwlrqv dv vshfl�hg e|
wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 6 Wkh udwlrqdo h{shfwdwlrqv vroxwlrqv fdq eh glylghg lqwr wkuhh
fodvvhv=
+L, @ ' K ' s ' } ' f1 Wklv lv wkh �ixqgdphqwdov� vroxwlrq1
+LL, Zkhq +9, krogv/ wkhuh duh vroxwlrqv ri wkh irup K ' } ' f/ zlwk s
duelwudu| dqg @ ' �32Z��3Z22

Z��nZ2232
s 1 Iru s 9' f zh rewdlq wkh UIVVHv19

9i @ 3 |lhogv wkh ixqgdphqwdov vroxwlrq dv d vshfldo fdvh1

<



+LLL, Vhwwlqj K ' q3�/ s duelwudu|/ } ' �EZ�� n Z22 � ��s dqg @ ' �E� �
2Z��� Z22�s |lhogv wkh vhw ri �-E�� vroxwlrqv jhqhudwhg e| fkrlfhv ri 0| dv d
olqhdu frpelqdwlrq ri r|/ r|3� dqg dq lqwhufhsw1:

Frqvlghu qrz H0vwdelolw| iru wkhvh wkuhh vhwv ri udwlrqdo h{shfwdwlrqv vr0
oxwlrqv1 Iru H0vwdelolw| zh uhtxluh orfdo vwdelolw| ri wkh vroxwlrq vhw xqghu
wkh gl�huhqwldo htxdwlrq

_*_�E@c Kc sc }� ' A E@c Kc sc }�� E@c Kc sc }��

Wkh uhohydqw frqglwlrq lv wkdw doo urrwv ri wkh Mdfreldq (A �U kdyh qhjdwlyh
uhdo sduwv1 Iru wkh ixqgdphqwdov vroxwlrq +L, wklv ohdgv wr wkh frqglwlrqv
q 	 � dqg qEZ��nZ22��� 	 �1 Wkhvh frqglwlrqv duh qhyhu vdwlv�hg li q : �/
duh dozd|v vdwlv�hg li mqm 	 � dqg pd| eh vdwlv�hg li q 	 ��1 +Krzhyhu/ qrwh
wkdw wkh| zloo qrw eh vdwlv�hg li q 	 �� dqg +9, krogv,1 Qh{w/ zh frqvlghu
wkh �-E�� vroxwlrq vhw +LLL,1 Wkh gl�huhqwldo htxdwlrq iru K lv dxwrqrprxv
dqg lv dozd|v xqvwdeoh dw K ' q3�1 Wkxv wklv vroxwlrq vhw lv qhyhu H0vwdeoh1

Odvwo|/ frqvlghu wkh vroxwlrq vhw +LL,1 Wkhvh h{lvw rqo| zkhq mqm : �
dqg wkh uhvrqdqw iuhtxhqf| frqglwlrq +9, krogv1 Wkh vxev|vwhp lq Kc } lv
dxwrqrprxv dqg K ' } ' f lv dozd|v orfdoo| vwdeoh1 Lw fdq wkhq eh yhul�hg
wkdw wkh frqglwlrq iru orfdo vwdelolw| frqglwlrq ri wklv vroxwlrq vhw lv wkdw lv
wkdw q 	 �1 Wkxv wkh vhw ri UIVVHv lv qrw H0vwdeoh li q : � exw lv H0vwdeoh
li q 	 ��1

Zh froohfw wkhvh dujxphqwv lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 7 +d, Wkh ixqgdphqwdo vroxwlrq +L, lv H0vwdeoh li q 	 � dqg
qEZ�� n Z22 � �� 	 � dqg lv qrw H0vwdeoh li q : � ru qEZ�� n Z22 � �� : �1
+e, Wkh vroxwlrq vhw +LL, ri UIVVHv/ zklfk h{lvwv rqo| zkhq mqm : � dqg +9,
krogv/ lv H0vwdeoh li q 	 �� dqg lw lv qrw H0vwdeoh li q : �1
+f, Wkh vroxwlrq vhw +LLL, lv qhyhu H0vwdeoh zkhwkhu ru qrw frqglwlrq +9, krogv1

Wr vxppdul}h/ zkhq mqm 	 �/ vwdwlrqdu| vxqvsrw htxloleuld gr qrw h{lvw1
Wkh ixqgdphqwdov vroxwlrq lv H0vwdeoh/ dqg wkhuhiruh vwdeoh xqghu dgdswlyh
ohduqlqj1; Wkhuh h{lvw h{sorvlyh vxqvsrw htxloleuld/ wdnlqj wkh �-E�� irup/

:Lpsrvlqj +9, dqg dq dssursuldwh lqlwldo frqglwlrq jlyhv wkh DU+4, uhsuhvhqwdwlrq ri
wkh UIVVHv1

;Zh uhpdun wkdw wkh frqglwlrqv lq sduw +d, ri wkh sursrvlwlrq duh �vwurqj H0vwdelolw|�
frqglwlrqv iru wkh ixqgdphqwdo vroxwlrq/ l1h1 wkh vwdelolw| frqglwlrqv uhtxluhg zkhq wkh
SOP doorzv iru wkh suhvhqvh ri vxqvsrwv1 Wkh zhdnhu frqglwlrq � ? 4 lv vx!flhqw iru H0
vwdelolw| ri wkh ixqgdphqwdo vroxwlrq zkhq wkh SOP grhv qrw lqfoxgh d srvvleoh ghshqghqfh
rq d vxqvsrw1
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exw wkhvh duh qrw H0vwdeoh1 Zkhq q : � VVHv +vwdwlrqdu| vxqvsrw htxloleuld,
gr h{lvw/ exw qr vroxwlrq ru vroxwlrq vhw lv H0vwdeoh1 Zkhq q 	 �� exw
wkh uhvrqdqw iuhtxhqf| frqglwlrq grhv qrw krog/ VVHv dqg dv|pswrwlfdoo|
vwdwlrqdu| vxqvsrw htxloleuld gr h{lvw/ wdnlqj wkh �-E�� iurp/ exw wkh| duh
qrw H0vwdeoh1 Ilqdoo|/ zkhq q 	 �� dqg wkh uhvrqdqw iuhtxhqf| frqglwlrq
+9, krogv/ UIVVHv h{lvw dqg duh H0vwdeoh1 Wkhuh duh wzr zd|v wr uhsuhvhqw
wkh vdph vroxwlrq/ exw wkh �-E�� uhsuhvhqwdwlrq lv qrw H0vwdeoh1 Dgdswlyh
ohduqlqj zloo/ krzhyhu/ orfdoo| frqyhujh wr wkh UIVVH li wkh frqglwlrqv q 	
�� dqg Z�� n Z22 � � ' q3� duh vdwlv�hg1

Zh frqfoxgh e| qrwlqj wkdw wkh UIVVHv duh d nlqg ri �frpprq idfwru�
vroxwlrq vlplodu wr wkrvh glvfxvvhg lq +Hydqv dqg Krqndsrkmd 4<;9,1 Vrox0
wlrqv ri w|sh +LLL, duh ri wkh irup

%| ' �E�� 2Z�� � Z22�s n q3�%|3� n sr| � EZ�� n Z22 � ��sr|3�1

Xqghu wkh uhvrqdqw iuhtxhqf| frqglwlrq +9, zh rewdlq

E�� q3�u�%| ' �sE�� 2Z�� � Z22� n sE�� q3�u�r|c

zkhuh u lv wkh odj rshudwru gh�qhg e| u%| ' %|3�1 Wkh wzr vlghv ri wklv
htxdwlrq kdyh wkh odj sro|qrpldo � � q3�u dv d frpprq idfwru1 Iru dq
dssursuldwh lqlwldo frqglwlrq rq %| wkh vwrfkdvwlf surfhvv lv vwdwlrqdu| dqg
zh fdq pxowlso| wkurxjk e| E�� q3�u�3� wr fdqfho wklv frpprq idfwru dqg
rewdlq

%| '
�sE�� 2Z�� � Z22�

�� q3�
n sr|c

zklfk lv lqghhg wkh irup ri wkh UIVVH1
Lw kdv ehhq revhuyhg lq suhylrxv zrun/ iru h{dpsoh vhh Fkdswhuv ; dqg

< ri +Hydqv dqg Krqndsrkmd 5334e, dqg wkh uhihuhqfhv flwhg lq +Hydqv dqg
Krqndsrkmd 4<<<,/ wkdw frpprq idfwru vroxwlrqv fdq kdyh gl�huhqw vwdelolw|
surshuwlhv xqghu dgdswlyh ohduqlqj iurp wkrvh ri wkh odujhu vhw ri vroxwlrqv
lq zklfk wkh| duh orfdwhg1 Iurp wklv ylhzsrlqw wkh dssduhqwo| frqwudglfwru|
uhvxowv ri wkh suhylrxv vhfwlrq duh qrw vxusulvlqj1 Frqyhujhqfh wr dq UIVVH
fdq dulvh rqo| zkhq wkh SOP lv sdudphwhul}hg lq vxfk d zd| wkdw lw lqfoxghv
wkh frpprq idfwru uhsuhvhqwdwlrq ri wkh UIVVH1

44



8 Frqfoxvlrq
Zh*yh frqvlghuhg wkh vlpsohvw g|qdplf h{shfwdwlrqv prgho zklfk shuplw
vwdwlrqdu| vxqvsrw htxloleuld1 Lq wkh olqhdu rqh0vwhs iruzdug orrnlqj prgho
%| ' q.W

| %|n�c VVHv h{lvw zkhq mqm : �1 Wkhvh fdq wdnh wkh irup ri �-E��
vroxwlrqv ru ri �qlwh0vwdwh Pdunry surfhvvhv1 Wkh odwwhu pxvw vdwlvi| d �uhv0
rqdqw iuhtxhqf|� uhvwulfwlrq rq wkh wudqvlwlrq suredelolwlhv1 Lq olqh zlwk wkh
suhylrxv olwhudwxuh zh kdyh irxqg wkdw qrqh ri wkhvh VVHv duh vwdeoh xqghu
dgdswlyh ohduqlqj zkhq q : �1 Krzhyhu/ zkhq q 	 ��/ wzr0vwdwh Pdunry
VVHv duh vwdeoh xqghu dgdswlyh ohduqlqj/ hyhq wkrxjk wkh zkroh fodvv ri VVHv
wdnlqj wkh �-E�� irup lv qrw1 Rxu wzr pdlq frqfoxvlrqv duh wkxv wkdw vwd0
elolw| xqghu dgdswlyh ohduqlqj ri VVHv uhtxluhv q 	 ��/ dqg wkdw lq wklv
fdvh rqo| d vxevhw ri wkh VVHv/ qdpho| wkh uhvrqdqw iuhtxhqf| vxqvsrwv/ duh
vwdeoh1

Rqh pljkw zrqghu krz vhqvlwlyh duh wkh uhvxowv wr wkh dvvxphg olqhdulw|
ri wkh prgho1 Lq d frpsdqlrq sdshu +Hydqv dqg Krqndsrkmd 5334d, zh
vkrz krz rxu uhvxowv fduu| ryhu wr wkh fruuhvsrqglqj qrqolqhdu prgho %| '
.W

| 8 E%|n�� lq d qhljkerukrrg ri d vwhdg| vwdwh 	%1 Lq sduwlfxodu/ li 8 �E	%� : �
wkhuh duh qr qhdue| H0vwdeoh VVHv1 Lq frqwudvw/ li 8 �E	%� 	 �� wkhuh h{lvw
H0vwdeoh VVHv lq hyhu| qhljkerukrrg ri wkh vwhdg| vwdwh1

Wkh olqhdu dqg qrqolqhdu prghov gr gl�hu lq wkh iroorzlqj uhvshfw1 Lq
wkh olqhdu fdvh wzr0vwdwh Pdunry VVHv pxvw vdwlvi| h{dfwo| wkh uhvrqdqw iuh0
txhqf| frqglwlrq q3� ' Z�� n Z22 � � dqg wkh| wkhq irup d frqwlqxxp lq
wkh vwdwhv ri wkh VVH1 Lq wkh qrqolqhdu prgho wkhuh lv djdlq d frqwlqxxp ri
wzr0vwdwh Pdunry VVHv qhdu wkh vwhdg| vwdwh dqg wkhvh h{lvw surylghg wkh
wudqvlwlrq suredelolwlhv duh vx!flhqwo| forvh wr vdwlvi|lqj wkh uhvrqdqw iuh0
txhqf| frqglwlrq1 Zlwklq d qhljkerukrrg ri wkh vwhdg| vwdwh wklv frqwlqxxp
lv lqgh{hg e| wkh ghyldwlrq iurp wkh uhvrqdqw iuhtxhqf| frqglwlrq/ zlwk wkh
vwdwhv ri wkh VVH xqltxho| ghwhuplqhg rqfh wudqvlwlrq suredelolwlhv duh jlyhq1
Wkhuhiruh/ zkhq surshuo| lqwhusuhwhg/ rxu uhvxowv iru dq dssur{lpdwlqj olqhdu
prgho surylgh d vdwlvidfwru| jxlgh wr wkh orfdo uhvxowv rq H0vwdeoh VVHv lq
wkh fruuhvsrqglqj qrqolqhdu prgho1

Uhihuhqfhv
Fkldssrul/ S1 D1/ S10\1 Jhriidug/ dqg U1 Jxhvqhulh +4<<5,=
�Vxqvsrw Ioxfwxdwlrqv durxqg d Vwhdg| Vwdwh= Wkh Fdvh ri Pxowlglphq0
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vlrqdo/ Rqh0Vwhs Iruzdug Orrnlqj Hfrqrplf Prghov/� Hfrqrphwulfd/ 93/
43<:�44591

Ghvjudqjhv/ J1/ dqg J1 Qhjurql +5333,= �H{shfwdwlrqv Frruglqdwlrq
rq d Vxqvsrw Htxloleulxp= dq Hgxfwlyh Dssurdfk/� Zrunlqj sdshu1

Hydqv/ J1 Z1 +4<;<,= �Wkh Iudjlolw| ri Vxqvsrwv dqg Exeeohv/� Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 56/ 5<:�64:1

Hydqv/ J1 Z1/ dqg V1 Krqndsrkmd +4<;9,= �D Frpsohwh Fkdudfwhul}d0
wlrq ri DUPD Vroxwlrqv wr Olqhdu Udwlrqdo H{shfwdwlrqv Prghov/� Uhylhz
ri Hfrqrplf Vwxglhv/ 86/ 55:�56<1

+4<<7,= �Rq wkh Orfdo Vwdelolw| ri Vxqvsrw Htxloleuld xqghu Dgds0
wlyh Ohduqlqj Uxohv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 475�4941

+4<<<,= �Ohduqlqj G|qdplfv/� lq +Wd|oru dqg Zrrgirug 4<<<,/
fkds1 :/ ss1 77<�8751

+5334d,= �H{lvwhqfh ri Dgdswlyho| Vwdeoh Vxqvsrw Htxloleuld qhdu
dq Lqghwhuplqdwh Vwhdg| Vwdwh/� plphr1

+5334e,= Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfrqrplfv1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz Mhuvh|1

Jrxulhurx{/ F1/ M1 Odiirqw/ dqg D1 Prqiruw +4<;5,= �Udwlrqdo H{0
shfwdwlrqv lq G|qdplf Olqhdu Prghov= Dqdo|vlv ri wkh Vroxwlrqv/� Hfrqr0
phwulfd/ 83/ 73<�7581

Jxhvqhulh/ U1/ dqg P1 Zrrgirug +4<<5,= �Hqgrjhqrxv Ioxfwxdwlrqv/�
lq +Od�rqw 4<<5,/ fkds1 9/ ss1 5;<�7451

Odiirqw/ M10M1 +hg1, +4<<5,= Dgydqfhv lq Hfrqrplf Wkhru|= Vl{wk Zruog
Frqjuhvv1 Yroxph 51 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN1

Wd|oru/ M1/ dqg P1 Zrrgirug +hgv1, +4<<<,= Kdqgerrn ri Pdfurhfr0
qrplfv/ Yroxph 41 Hovhylhu/ Dpvwhugdp1

Zrrgirug/ P1 +4<<3,= �Ohduqlqj wr Eholhyh lq Vxqvsrwv/� Hfrqrphwulfd/
8;/ 5::�63:1
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